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A
Abbreviations

Abbreviation Definition

ATM Automated teller machine

AVNS Adaptive variable neighborhood search

BCP Branch-and-cut-and-price

BHL Paper of Belhaiza et al. [2014]

BMB17 Paper of Belhaiza et al. [2017]

BP Branch-and-price

CIT Cash-in-transit

DFSI Dominant Forward Start Interval algorithm that is proposed in

Chapter 2

ESPPRC Elementary shortest path problem with resource constraints

FCC Feasible combination check, algorithm presented in Chapter 4

GSN Geld Service Nederland

IGTS Iterated granular tabu search

KKT Karush–Kuhn–Tucker conditions

LB Lower bound

MILP Mixed integer linear programming

MIP Mixed integer programming

RM Route Minimization algoritm proposed in Chapter 2

RVRP-TWA Robust vehicle routing problem with time window assignments

SR Subset row inequalities

SVRP-TWA Stochastic vehicle routing problem with time window assignments

TRDH Paper of Tricoire et al. [2010]

TSP Traveling salesman problem

TWA Time window assignment

UB Upper bound

VRP Vehicle routing problem



Abbreviations

Abbreviation Definition

VRPATD vehicle routing problem with arrival time diversification

VRPMTW Vehicle routing problem with multiple time windows

VRPTW Vehicle routing problem with time windows

VRP-TWA Vehicle routing problem with time window assignments
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Efficient neighborhood evaluations for the VRPMTW

B.1 Preprocessing time windows

A preprocessing procedure is applied to remove or adapt the customer time windows

that conflict with the time window of the depot [e0, l0]. For all i ∈ V ′ and t ∈ Ti, we set

eti = max{eti, e0 + τ0i} and if lti < τ0i, then time window t is removed from Ti. Similarly,

for all i ∈ V ′ and t ∈ Ti, we set lti = min{lti, l0 − τ0i − si} and if eti > l0 − τ0i − si,

then time window t is removed from Ti. Hence, after the preprocessing step, the time

window bounds satisfy τ0i ≤ eti ≤ lti ≤ l0 − τi0 − si for all i ∈ V ′, and t ∈ Ti.
An additional preprocessing step can be executed to verify if the first and last time

window of a customer are “useful”. If e2
i + si + τij ≤ e1

j for all (i, j) ∈ A, then the first

time window of customer i is of no value because it is possible to use the second time

window of customer i and arrive before the first time window at all other customer.

Similarly, the latest time window of customer i is of no value if l
|Ti|−1
i − τji − sj ≥ l

|Tj |
j

for all (j, i) ∈ A.

B.2 Proof dominance criterion

We prove that Proposition 2.1 is sufficient to demonstrate dominance.

Proposition 2.1 Forward start interval q ∈ Fi dominates forward start intervals

q′ ∈ Fi at customer i if EF
i (q) ≤ EF

i (q′) and wFi (q′)− wFi (q) ≥ LFi (q′)− LFi (q) hold.

Proof. Proof Suppose we have two forward start intervals q, q′ ∈ Fi for which
EF
i (q) ≤ EF

i (q′) and wFi (q′) − wFi (q) ≥ LFi (q′) − LFi (q) hold. We must prove that
the condition from Definition 2.1 is satisfied. Let ai+1 be a feasible arrival time at
customer i + 1 when departing from customer i in forward start interval q′. Because
EF
i (q) ≤ EF

i (q′), the arrival time ai+1 is also feasible for forward start interval q. Let
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wai+1
be the total waiting time at ai+1, when departing from forward start interval q,

and w′ai+1
, when departing from q′. We must only prove that w′ai+1

− wai+1
≥ 0.

w′ai+1
− wai+1 (B.1)

= wF
i (q′) + max{0, ai+1 − LF

i (q′)− si − τi,i+1} − wF
i (q)−max{0, ai+1 − LF

i (q)− si − τi,i+1}
(B.2)

= wF
i (q′)− wF

i (q) + max{0, ai+1 − LF
i (q′)− si − τi,i+1} −max{0, ai+1 − LF

i (q)− si − τi,i+1}.
(B.3)

There are two options to consider. First, if LFi (q′) < LFi (q), then EF
i (q) ≤ EF

i (q′) ≤
LFi (q′) < LFi (q), hence EF

i (q) < LFi (q), which implies that wFi (q) = 0. Because
wFi (q′) ≥ 0, the implication is that the equation in line (B.3) is greater than or equal
to zero. Hence, for the first option, w′ai+1

−wai+1
≥ 0 holds. Secondly, if LFi (q′) ≥ LFi (q),

then using the assumption wFi (q′)− wFi (q) ≥ LFi (q′)− LFi (q) we obtain

w′ai+1
− wai+1

≥ LF
i (q′)− LF

i (q) + max{0, ai+1 − LF
i (q′)− si − τi,i+1} −max{0, ai+1 − LF

i (q)− si − τi,i+1}.
(B.4)

(B.4) is greater than or equal to zero, because

max{0, ai+1−LFi (q′)−si−τi,i+1}−max{0, ai+1−LFi (q)−si−τi,i+1} ≥ LFi (q)−LFi (q′).

Therefore, the inequality w′ai+1
− wai+1

≥ 0 holds also for the second case.

B.3 Optimality proof of DFSI algorithm

Let {ζ∗1 , . . . , ζ∗m} be the optimal start times of customers sequence σ′ = {1, . . . ,m}
resulting in the minimal route duration. In this appendix, we formally demonstrate

that ζ∗i is in a dominant forward start interval ∀i ∈ σ′.

Theorem B.1. The optimal start time of servicing customer i ∈ σ′ is in a dominant

forward start interval, i.e., ζ∗i ∈ F i ∀i ∈ σ′.

Proof. We prove this by induction. Let ζ∗ = {ζ∗1 , . . . , ζ∗m} be the start times of servicing
the customers in σ′ in the optimal solution. By definition ζ∗1 is in a dominant forward
start interval, which is equal to the time windows T1. Suppose that the theorem holds
for ζ∗1 , . . . , ζ

∗
i−1, then we show that it also holds for customer i.

By the induction hypothesis, we know that ζ∗i−1 is in dominant forward start interval

q ∈ F i−1, i.e., EF
i−1(q) ≤ ζ∗i−1 ≤ LFi−1(q). We distinguish two cases. The arrival time at

customer i, ζ∗i−1 + si−1 + τi−1,i, is in a time window at customer i or not. First, suppose
that ∃t ∈ Ti such that eti ≤ ζ∗i−1 + si−1 + τi−1,i ≤ lti, then ζ∗i = ζ∗i−1 + si−1 + τi−1,i is
optimal because no waiting time occurs at customer i and start times ζi > ζ∗i never
result in a better solution. Because EF

i−1(q) ≤ ζ∗i−1 ≤ LFi−1(q), the dominant forward
start interval q at customer i−1 and time window t generates a new dominant forward
start interval p at customer i with eti ≤ EF

i (p) ≤ ζ∗i ≤ LFi (p) ≤ lti and waiting time
wFi (p) = wFi (q). Hence, ζ∗i is in a dominant forward start interval
Secondly, suppose that ∃t ∈ Ti such that lt−1

i ≤ ζ∗i−1 + si−1 + τi−1,i ≤ eti, where the first
inequality can be ignored for t = 1. To obtain the start time with minimal waiting
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B.4. Pseudo-code depth-first start interval algorithm

time, we set ζ∗i = eti. Because EF
i−1(q) + si−1 + τi−1,i ≤ lti, forward start interval q and

time window t generate forward start interval p at customer i with EF
i (p) = eti. Now,

we must only demonstrate that forward start interval p is dominant.
If LFi−1(q) + si−1 + τi−1,i ≥ eti, then no waiting time occurs at customer i, i.e., wFi (p) =
wFi (q), hence forward start interval p is dominant. If lt−1

i < LFi−1(q) + si−1 + τi−1,i < eti,
then EF

i (p) = LFi (p) = eti and because q is dominant, we know that the forward start
intervals at customer i originating from q′ ≤ q cannot result in a superior solution.
Therefore, we must only check forward start intervals p′ originating from q′ > q.
Suppose there exists a dominant forward start interval q′ > q that generates a new
forward start interval p′ in time window T with EF

i (p′) = EF
i (p) = eti. We demonstrate

that this results in a contradiction because we obtain

wF
i (p)− wF

i (p′) (B.5)

≥wF
i−1(q) + eti − LF

i−1(q)− si−1 − τi−1,i − wF
i−1(q′)−max{eti − LF

i−1(q′)− si−1 − τi−1,i, 0} (B.6)

=wF
i−1(q)− wF

i−1(q′) + eti − LF
i−1(q)− si−1 − τi−1,i −max{eti − LF

i−1(q′)− si−1 − τi−1,i, 0} (B.7)

>LF
i−1(q)− LF

i−1(q′) + eti − LF
i−1(q)− si−1 − τi−1,i −max{eti − LF

i−1(q′)− si−1 − τi−1,i, 0} (B.8)

=eti − LF
i−1(q′)− si−1 − τi−1,i −max{eti − LF

i−1(q′)− si−1 − τi−1,i, 0} (B.9)

=LF
i (p)− LF

i (p′). (B.10)

The inequality in line (B.8) follows from the assumption that q′ and q are both

dominant, hence with Proposition 2.1, wFi−1(q′) − wFi−1(q) < LFi−1(q′) − LFi−1(q) holds.

In the last equation, the definition of LFi in (3.5) is used. Hence, by Proposition 2.1, p

is dominated by q′. Therefore, to be an optimal solution, ζ∗i−1 must be within interval

q′’; this is in contradiction to the induction hypothesis because dominant forward start

intervals q′ and q are non-overlapping as proven in Lemma 2.1. Therefore, we have

proven that for all cases p must be dominant. Hence, ζ∗i is in a dominant forward start

interval of customer i.

B.4 Pseudo-code depth-first start interval algorithm

In this appendix, the pseudocode of the depth-first variant of the start interval al-

gorithm is provided. Let θi be the last checked time window of customer i, with

θ = {θ1, . . . , θm}. The main advantage is that the Depth-First Algorithm terminates

if a solution with zero waiting time is determined or when a delay occurs, i.e., if

θi = |Ti| + 1, then the vehicle arrives after the last time window at customer i. The

disadvantage is that the forward start intervals of some nondominant selection of time

windows are calculated.

Algorithm B.1 Depth-First Algorithm

1: θ = {θ1, . . . , θm} = {1, . . . , 1}, Wmin = 1010 and Stop = 0
2: for t = 1 : |T1| do
3: FSI(2, θ2, e

t
1, l

t
1, 0, θ,Wmin, Stop)

4: if Wmin = 0 OR Stop = 1 then
5: return Wmin

6: end if
7: end for
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Algorithm B.2 FSI(i, t, EF
i−1, L

F
i−1, w

F
i−1, θ,Wmin, Stop)

1: if Wmin = 0 OR Stop = 1 then
2: return Wmin

3: else if i ≤ m AND t ≤ |Ti| then
4: if EFi−1 + si−1 + τi−1,i ≤ lti then
5: θi = t . Adjust last used time window
6: if LFi−1 + si−1 + τi−1,i ≥ eti then . Arrival in time window t at customer i
7: EFi = max{EFi−1 + si−1 + τi−1,i, e

t
i}

8: LFi = min{LFi−1 + si−1 + τi−1,i, l
t
i}

9: wFi = wFi−1

10: FSI(i+ 1, θi+1, E
F
i , L

F
i , w

F
i , θ,Wmin, Stop)

11: if LFi−1 + si + τi−1,i > lti then
12: FSI(i, t+ 1, EFi−1, L

F
i−1, w

F
i−1, θ,Wmin, Stop)

13: end if
14: else . Arrival before time window t at customer i
15: EFi = LFi = eti
16: wFi = wFi−1 + eti − LFi−1 − si−1 − τi−1,i

17: FSI(i+ 1, θi+1, E
F
i , L

F
i , w

F
i , θ,Wmin, Stop)

18: end if
19: else . Arrival after time window t
20: FSI(i, t+ 1, EFi−1, L

F
i−1, wi−1, θ,Wmin, Stop)

21: end if
22: else if i ≤ m AND θi = |Ti|+ 1 then . Arrival after last time window
23: Stop = 1 . Next paths arrive later at this customer, hence are infeasible
24: else if i > m then
25: if wFi < Wmin then . Check if minimum waiting time must be updated
26: Wmin = wFi
27: end if
28: end if

B.5 Proof Lemma 2.1

Lemma 2.1 EF
i (q) ≤ LFi (q) < EF

i (q + 1) ≤ LFi (q + 1) holds for all i ∈ σ′ and q ∈ F i.

Proof. We prove this by induction on i. By definition, the time windows for every

customer i ∈ V ′ are non-overlapping and increasing, i.e., e1
i ≤ l1i < e2

i ≤ l2i < . . . ≤ l
|Ti|
i ,

therefore the lemma holds for i = 1. Assuming that the lemma is true for i = j − 1,

we prove that the lemma also holds for i = j.

Order the dominant forward start intervals at customer j with EF
j (1) ≤ EF

j (2) ≤ . . . ≤
EF
j (|F j|) and let [EF

j (p), LFj (p)] be a dominant forward start interval of customer j.

By definition of the forward start intervals, we know that EF
j (p) ≤ LFj (p) for all

p ∈ Fj+1, hence we must only demonstrate that LFj (p) < EF
j (p + 1). We prove this

with contradiction.

Suppose that EF
j (p) ≤ EF

j (p+ 1) ≤ LFj (p), then forward start interval p and p+ 1 are

in the same time window t ∈ Tj. Let p be based on dominant forward start interval
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B.6. Results for minimizing travel time

q ∈ F j−1 and p+ 1 on q′ ∈ F j−1 with q 6= q′.

Suppose that q < q′, then

EF
j (p+ 1) = max{EF

j−1(q′) + sj−1 + τj−1,j, e
t
j} ≥ max{LFj−1(q) + sj−1 + τj−1,j, e

t
j}

≥ min{max{LFj−1(q) + sj−1 + τj−1,j, e
t
j}, ltj} = LFj (p).

In the first inequality, the induction hypothesis is used. Note that EF
j (p+ 1) = LFj (p)

only if EF
j (p) = LFj (p) = EF

j (p + 1) = etj; this leads to a contradiction with the

assumption that p and p+ 1 are both dominant. We prove that forward start interval

p+ 1 dominates forward start interval p. We distinguish two cases.

First, if EF
j (p+ 1) = etj < LFj (p+ 1), then wFj (p + 1) = 0, which implies that

wFj (p)− wFj (p+ 1) = wFj (p) ≥ 0 ≥ Lj(p)
F − LFj (p+ 1). Using Proposition 2.1, we have

proven that forward start interval p+ 1 dominates forward start interval p.

Secondly, if LFj (p+ 1) = etj, then we obtain

wj(p)− wj(p+ 1) (B.11)

= wFj−1(q) + etj − LFj−1(q)− sj−1 − τj−1,j − (wFj−1(q′) + etj − LFj−1(q′)− sj−1 − τj−1,j)

(B.12)

= wFj−1(q)− wFj−1(q′) + LFj−1(q′)− LFj−1(q) (B.13)

> 0 = LFj (p)− LFj (p+ 1). (B.14)

The inequality in line (B.14) follows from the assumption that forward start intervals q

and q′ are both dominant, so by Proposition 2.1 wFj−1(q)−wFj−1(q′) > LFj−1(q)−LFj−1(q′).

Hence, for both cases we have demonstrated that wj(p)−wj(p+1) > LFj (p)−LFj (p+1);

therefore, with Proposition 2.1, forward start interval p + 1 dominates p. Hence, we

have proven that if q < q′ then Lfj (p) < EF
j (p+ 1).

Suppose that q > q′, then EF
j (p) ≤ EF

j (p+ 1). In this case, LFj (p+ 1) = EF
j (p) is only

possible if etj = EF
j (p + 1) = LFj (p + 1) = EF

j (p) ≤ Lj(p). We can prove in a manner

similar to the proof above that in this case forward start interval p dominates forward

start interval p+ 1.

B.6 Results for minimizing travel time

The best-known results and the results of the E-AVNS for minimizing travel time

and vehicle cost are reported in Table B.1. The number of vehicles used, the total

travel time, and the objective are reported in columns “nVeh”, “TT”, and “Obj”,

respectively. The total running time in seconds of the E-AVNS is given in column

“Time”. The difference in objective value between the E-AVNS and the best-known

results are displayed in the last column.
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Best-known E-AVNS

nVeh TT Obj nVeh TT Obj Time Diff

rm101 10 970.2 2970.2 10 974.2 2974.2 98.9 4.0
rm102 9 925.3 2725.3 9 926.7 2726.7 85.3 1.4
rm103 9 881.5 2681.5 9 899.0 2699.0 103.7 17.5
rm104 9 891.8 2691.8 9 890.7 2690.7 98.8 -1.1
rm105 9 887.2 2687.2 9 891.5 2691.5 150.0 4.3
rm106 9 891.9 2691.9 9 900.9 2700.9 83.8 9.0
rm107 9 885.1 2685.1 9 895.9 2695.9 84.8 10.8
rm108 9 916 2716 9 925.5 2725.5 73.3 9.5
rm201 3 686.4 3686.4 2 739.9 2739.9 150.0 -946.5
rm202 2 681 2681 2 679.9 2679.9 150.0 -1.1
rm203 2 673.6 2673.6 2 675.9 2675.9 150.2 2.3
rm204 2 664.9 2664.9 2 671.7 2671.7 150.0 6.8
rm205 2 651.3 2651.3 2 665.2 2665.2 150.0 13.9
rm206 2 672.8 2672.8 2 665.6 2665.6 150.0 -7.2
rm207 2 657.3 2657.3 2 674.7 2674.7 150.1 17.4
rm208 2 663.6 2663.6 2 662.2 2662.2 150.0 -1.4
cm101 10 1089.2 3089.2 10 1180.4 3180.4 105.5 91.2
cm102 11 1026.9 3339.7 11 1233.6 3433.6 99.5 93.9
cm103 12 1120.5 3520.5 11 1277.3 3477.3 90.6 -43.2
cm104 14 1248 4048 13 1262.6 3862.6 80.1 -185.4
cm105 10 860.6 3010.2 10 1055.6 3055.6 63.2 45.4
cm106 10 982.2 2982.2 10 982.2 2982.2 71.4 0.0
cm107 11 1056.5 3256.5 10 1077.9 3077.9 64.1 -178.6
cm108 10 967.3 2967.3 10 966.7 2966.7 64.7 -0.6
cm201 5 890.3 4390.3 5 892.6 4392.6 122.1 2.3
cm202 6 790.8 4990.8 6 788.8 4988.8 127.6 -2.0
cm203 5 945.8 4445.8 5 961.6 4461.6 85.8 15.8
cm204 5 832.2 4332.2 5 818.3 4318.3 132.1 -13.9
cm205 4 1019.1 3819.1 4 1040.8 3840.8 118.5 21.7
cm206 4 909.4 3709.4 4 918.9 3718.9 119.4 9.5
cm207 4 1133.1 3933.1 4 1145.7 3945.7 92.3 12.6
cm208 4 930.5 3730.5 4 955.8 3755.8 102.7 25.3
rcm101 10 1062 3062 10 1063.5 3063.5 90.9 1.5
rcm102 10 1127.7 3127.7 10 1133.7 3133.7 84.2 6.0
rcm103 10 1131.8 3131.8 10 1152.1 3152.1 137.6 20.3
rcm104 10 1111.8 3111.8 10 1129.1 3129.1 128.3 17.3
rcm105 10 1185.9 3185.9 10 1187.8 3187.8 76.2 1.9
rcm106 10 1193.4 3193.4 10 1195.1 3195.1 78.8 1.7
rcm107 11 1287.7 3487.7 11 1288.9 3488.9 60.5 1.2
rcm108 11 1332.6 3532.6 11 1330.6 3530.6 62.7 -2.0
rcm201 2 778.7 2778.7 2 706.8 2706.8 150.0 -71.9
rcm202 2 815.9 2815.9 2 767.4 2767.4 150.0 -48.5
rcm203 2 721.9 2721.9 2 825.5 2825.5 150.2 103.6
rcm204 2 698.4 2698.4 2 719.1 2719.1 150.0 20.7
rcm205 2 754.5 2754.5 2 724.2 2724.2 134.9 -30.3
rcm206 2 769.6 2769.6 2 781.3 2781.3 150.0 11.7
rcm207 3 749.8 3749.8 3 744.9 3744.9 137.5 -4.9
rcm208 2 742.7 2742.7 2 735.1 2735.1 150.1 -7.6

Average 6.5 913.9 3179.8 6.46 933.0 3160.1 112.7 -19.7

Table B.1: Best-known solution and results of the E-AVNS.

144



C
Appendices Chapter 3

Branch-and-cut-and-price algorithm for the VRPPMTW

C.1 Pseudo-code of the generation of the forward start intervals

Algorithm C.1 Calculation of segments S (L′f ) with v(L′f ) = j

1: Initialize: S (L′f ) = ∅
2: if v(Lf ) = 0 then
3: for t ∈ Tj do
4: Add [etj , l

t
j ] to S (L′f ) and τ0j to D(L′f )

5: end for
6: else
7: for y ∈ FLf do
8: for t ∈ Tj do
9: if LLf (y) + τv(Lf )j < etj then . Interval lies before time window

10: if y = |FLf | or ELf (y + 1) + τv(Lf )j > etj then

11: add [etj , e
t
j ] to S (L′f )

12: add dLf (y) + etj − LLf (y) to D(L′f )
13: end if
14: else if ELf (y) + τv(Lf )j ≤ ltj then . Overlap interval and time window

15: add [max{ELf (y) + τv(Lf )j , e
t
j},min{LLf (y) + τv(Lf )j , l

t
j}] to S (L′f )

16: add dLf (y) + τv(Lf ),j to D(L′f )
17: end if
18: if LLf (y) + τv(Lf )j < ltj then
19: break
20: end if
21: end for
22: end for
23: end if
24: Return S (L′f )

Let L′f be the label of the new path resulting from the extension of forward path p(Lf )
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with arc (v(Lf ), j). The start intervals S (Lf ) and corresponding duration D(Lf ) are

extended as described in Algorithm C.1. If node j is the first customer in a path, then

the start time intervals S (L′f ) are equal to the time windows of this customer (lines

2–5). For all other nodes j, the start intervals S (L′f ) are calculated by comparing the

start time intervals of S (Lf ) with the time windows of node j. If LLf (y) + τv(Lf )j < etj,

then a vehicle departing at time LLf (y) from node v(Lf ) arrives before time window t at

node j. In this case, the vehicle has to wait and a new start interval and corresponding

duration is generated (lines 9–13). Note that this interval is only generated when

ELf (y + 1) + τv(Lf )j > etj, otherwise departing from the next start interval y + 1 also

results in an arrival time before time window t which would be dominant.

If [ELf (y + 1) + τv(Lf )j, LLf (y + 1) + τv(Lf )j] and [etj, l
t
j] overlap, then a new start time

interval and corresponding duration is generated as shown in lines 14–17. If LLf (y) +

τv(Lf )j < ltj (lines 18–20), then start interval y does not overlap with time windows

t′ > t, so the algorithm continues to the next start time interval of S (Lf ).

Since the start intervals and the time windows are increasingly ordered, we do not have

to check all combinations, but at most |S (Lf )|+ |Tj| − 1 combinations.

C.2 Proof of Proposition 3.1

Proposition 3.1 Label L1
f dominates label L2

f if:

1. v(L1
f ) = v(L2

f ),

2. S(L1
f ) ⊆ S̄(L2

f ),

3. q(L1
f ) ≤ q(L2

f ),

4. EL1
f
(1) ≤ EL2

f
(1),

5. φ(L1
f , L

2
f ) ≤ c(L1

f )− c(L2
f ).

Assume that labels L1
f and L2

f satisfy the five conditions in Proposition 3.1. We

will show that any feasible extension L of label L2
f is also feasible for L1

f and that

c̄(L1
f ⊕ L) ≤ c̄(L2

f ⊕ L). The first point is easily proven. Let L be a feasible extension

of label L2
f . Because of Condition 3 the capacity of label L1

f ⊕ L is not violated and

because of Condition 2 the corresponding path p(L1
f ⊕ L) is elementary. Furthermore,

the time windows are not violated because of Condition 4 and the FIFO principle.

Hence, Conditions 1–4 ensure that all feasible extensions of label L2
f are also feasible

for label L1
f .

To show the second point, let L2∗
f = L2

f ⊕ L and let s∗ be the optimal start time at

customer v(L2
f ) with d∗

L2
f

the minimum duration of label L2∗
f . The reduced cost of the

label L2∗
f is given by c̄(L2∗

f ) = dL2
f∗ − c(L2∗

f ) = dL2
f∗ − c(L2

f ) − c(L). Consider path

L1∗
f = L1

f ⊕ L with d∗
L1
f

the minimum duration of label L1∗
f . By Condition 4 node
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v(L1
f ) = v(L2

f ) is reached at time s∗ or earlier. The reduced cost of label L1∗
f is given

by

c̄(L1∗
f ) = dL1∗

f
− c(L1

f )− c(L)

≤ dL1∗
f
− c(L2

f )− φ(L1
f , L

2
f )− c(L)

≤ dL2∗
f
− c(L2

f )− c(L) = c̄(L2∗
f ).

The first inequality uses Condition 5 and the second inequality uses that

dL1∗
f
− φ(L1

f , L
2
f ) ≤ dL2∗

f
. Hence, we have shown that c̄(L1

f ⊕ L) ≤ c̄(L2
f ⊕ L).

C.3 Pseudo-code merging from a forward and backward label

Let label L = Lf ⊕ Lb be the resulting label when merging forward label Lf and

backward label Lb. The pseudo-code of the generation of the dominant forward start

intervals and corresponding duration of label L are given in Algorithm C.2.

Algorithm C.2 Calculation of segments S (L) and D(L)

1: Initialize: S (L) = ∅
2: for y ∈ FLf do
3: for z ∈ BLb do
4: if LLf (y) + τv(Lf )v(Lb) < ELb(z) then . Forward interval before backward interval
5: if y = |FLf | or ELf (y + 1) + τv(Lf )v(Lb) > ELb(z) then
6: add [ELb(z) + dLb(z), ELb(z) + dLb(z)] to S (L)
7: add dLf (y) + dLb(z) + ELb(z)− LLf (y)− τv(Lf )v(Lb) to D(L)
8: end if
9: else if ELf (y) + τv(Lf )j ≤ LLb(z) then . Overlap intervals

10: add [max{ELf (y) + τv(Lf )v(Lb), ELb(z)}+ d(Lb)(z),
11: min{LLf (y) + τv(Lf )v(Lb), LLb(z)}+ d(Lb)(z)] to S (L)
12: add dLf (y) + dLb(z) + τv(Lf )v(Lb) to D(L)
13: end if
14: if LLf (y) + τv(Lf )v(Lb) < LLb(z) then
15: break
16: end if
17: end for
18: end for
19: Return S (L)

C.4 Extra results
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elementary non-elementary

Instance |N ′| time rootLB bestLB UB Nnode time rootLB bestLB UB Nnode

rm101 25 3 662.0 671.6 671.6 18 2 662.0 671.6 671.6 18
rm102 25 15 622.9 639.2 639.2 102 15 622.9 639.2 639.2 102
rm103 25 2 623.5 626.9 626.9 8 2 623.5 626.9 626.9 8
rm104 25 6 625.0 635.8 635.8 54 7 625.0 635.8 635.8 56
rm105 25 4 613.3 625.2 625.2 22 4 613.3 625.2 625.2 20
rm106 25 1 619.1 622.6 622.6 2 1 619.1 622.6 622.6 2
rm107 25 6 626.7 636.5 636.5 56 6 626.7 636.5 636.5 58
rm108 25 3 612.7 619.6 619.6 18 3 612.6 619.6 619.6 16
rcm101 25 1 548.2 548.2 548.2 0 2 548.2 548.2 548.2 0
rcm102 25 1 578.7 578.7 578.7 0 1 578.7 578.7 578.7 0
rcm103 25 0 557.1 557.1 557.1 0 0 557.1 557.1 557.1 0
rcm104 25 1 559.8 559.8 559.8 0 1 559.8 559.8 559.8 0
rcm105 25 1 561.1 561.1 561.1 0 1 561.1 561.1 561.1 0
rcm106 25 0 569.6 569.6 569.6 0 1 569.6 569.6 569.6 0
rcm107 25 0 574.7 574.7 574.7 0 0 574.7 574.7 574.7 0
rcm108 25 0 581.2 581.2 581.2 0 1 581.2 581.2 581.2 0
cm101 25 64 2497.6 2511.5 2511.5 146 79 2497.6 2511.5 2511.5 158
cm102 25 95 2475.7 2490.7 2490.7 266 146 2475.7 2490.7 2490.7 370
cm103 25 32 2492.5 2512.1 2512.1 130 35 2492.5 2512.1 2512.1 142
cm104 25 51 2503.2 2522.3 2522.3 322 41 2503.2 2522.3 2522.3 236
cm105 25 354 2462.5 2474.4 2474.4 584 467 2462.5 2474.4 2474.4 736
cm106 25 6 2467.6 2467.9 2467.9 4 3 2467.6 2467.9 2467.9 2
cm107 25 5 2480.2 2486.4 2486.4 12 4 2480.2 2486.4 2486.4 10
cm108 25 1 2464.0 2464.0 2464.0 0 1 2464.0 2464.0 2464.0 0

average 27.2 1224.1 1230.7 72.7 34.3 1224.1 1230.7 80.6

rm101 50 27 1147.5 1159.6 1159.6 36 30 1146.3 1159.6 1159.6 40
rm102 50 868 1096.4 1120.6 1120.6 1024 1135 1096.2 1120.6 1120.6 1206
rm103 50 358 1080.6 1095.2 1095.2 296 566 1079.8 1095.2 1095.2 450
rm104 50 353 1081.7 1097.2 1097.2 334 461 1081.7 1097.2 1097.2 424
rm105 50 270 1066.4 1080.3 1080.3 198 309 1065.3 1080.3 1080.3 212
rm106 50 418 1093.7 1109.4 1109.4 464 504 1093.2 1109.4 1109.4 592
rm107 50 286 1080.0 1095.2 1095.2 272 337 1079.9 1095.2 1095.2 322
rm108 50 494 1088.0 1105.8 1105.8 858 474 1088.0 1105.8 1105.8 834
rcm101 50 15 1035.9 1035.9 1035.9 0 11 1035.9 1035.9 1035.9 0
rcm102 50 - 1095.9 1127.3 - 1971 - 1095.9 1127.4 - 1925
rcm103 50 - 1067.1 1099.3 1182.7 1404 - 1067.1 1098.2 - 1382
rcm104 50 - 1069.1 1103.0 1143.4 1402 - 1069.1 1103.0 1143.4 1399
rcm105 50 4 1066.6 1066.6 1066.6 0 3 1066.6 1066.6 1066.6 0
rcm106 50 - 1090.9 1118.6 1205.1 1786 - 1090.9 1118.9 - 1718
rcm107 50 144 1150.3 1187.9 1187.9 366 193 1150.3 1187.9 1187.9 424
rcm108 50 44 1175.9 1210.1 1210.1 174 62 1175.9 1210.1 1210.1 206
cm101 50 - 4984.0 5000.6 5014.8 1170 - 4984.0 5000.0 - 1010
cm102 50 - 4968.1 4987.2 - 2310 - 4968.1 4986.4 - 1944
cm103 50 - 4994.6 5017.5 - 3696 - 4994.6 5018.5 5026.3 3389
cm104 50 - 5013.6 5034.9 - 6000 - 5013.6 5034.3 - 5396
cm105 50 - 4917.5 4928.3 - 795 - 4917.5 4928.5 - 796
cm106 50 - 4928.3 4945.4 - 1085 - 4928.3 4945.5 - 1262
cm107 50 200 4968.7 4986.0 4986.0 164 199 4968.6 4986.0 4986.0 184
cm108 50 475 4923.3 4935.3 4935.3 174 370 4923.3 4935.3 4935.3 178

average 1664.8 2382.7 2402.0 1082.5 1693.9 2382.5 2401.9 1053.9

Table C.1: BP algorithm using elementary paths and non-elementary paths (ng-paths).
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no initial solution feasible initial solution

Inst |N ′| time rootLB bestLB UB Nnode time rootLB bestLB InUB UB Nnode InT

rm101 10 1 311.9 311.9 311.9 0 13.0 311.9 311.9 311.9 311.9 0 13
rm102 10 0 297.8 297.9 297.9 2 14.0 297.8 297.9 297.9 297.9 2 14
rm103 10 1 294.0 297.9 297.9 4 15.0 294.0 297.9 297.9 297.9 4 15
rm104 10 0 290.2 295.1 295.1 6 14.0 290.2 295.1 295.1 295.1 2 14
rm105 10 0 293.6 295.1 295.1 8 14.0 293.6 295.1 295.1 295.1 2 13
rm106 10 0 297.9 297.9 297.9 0 12.0 297.9 297.9 297.9 297.9 0 12
rm107 10 0 299.8 299.8 299.8 0 13.0 299.8 299.8 299.8 299.8 0 13
rm108 10 0 293.8 297.9 297.9 4 12.0 293.8 297.9 297.9 297.9 2 12
rcm101 10 10 253.2 265.9 265.9 96 13.0 253.2 265.9 265.9 265.9 86 4
rcm102 10 2 264.6 273.4 273.4 30 5.0 264.6 273.4 273.4 273.4 18 3
rcm103 10 0 265.9 267.8 267.8 8 3.0 265.9 267.8 267.8 267.8 6 3
rcm104 10 4 251.9 268.4 268.4 98 6.0 251.9 268.4 268.4 268.4 80 3
rcm105 10 5 253.1 269.3 269.3 140 7.0 253.1 269.3 269.3 269.3 138 3
rcm106 10 0 269.9 270.7 270.7 4 2.0 269.9 270.7 270.7 270.7 2 2
rcm107 10 0 280.3 280.3 280.3 0 3.0 280.3 280.3 280.3 280.3 0 3
rcm108 10 0 285.3 285.3 285.3 0 2.0 285.3 285.3 285.3 285.3 0 2
cm101 10 6 976.2 990.5 990.5 118 21.0 976.2 990.5 990.5 990.5 102 15
cm102 10 14 973.4 990.1 990.1 294 27.0 973.4 990.1 990.1 990.1 282 14
cm103 10 1 980.4 988.5 988.5 30 15.0 980.4 988.5 988.5 988.5 34 13
cm104 10 1 984.1 988.1 988.1 20 13.0 984.1 988.1 988.1 988.1 14 12
cm105 10 713 969.2 988.3 988.3 5194 442.0 969.2 988.3 988.3 988.3 3858 13
cm106 10 0 970.8 971.1 971.1 6 1.0 970.8 971.1 972.6 971.1 2 0
cm107 10 0 970.9 970.9 970.9 0 0.0 970.9 970.9 970.9 970.9 0 0
m108 10 0 966.4 966.4 966.4 0 1.0 966.4 966.4 1078.0 966.4 0 0

average 10 31.6 512.3 517.9 517.9 253 27.8 512.3 517.9 522.6 517.9 193.1 8.2

rm101 25 3 662.0 671.6 671.6 18 22.0 662.0 671.6 671.6 671.6 14 20
rm102 25 15 622.9 639.2 639.2 102 35.0 622.9 639.2 650.7 639.2 108 20
rm103 25 2 623.5 626.9 626.9 8 21.0 623.5 626.9 626.9 626.9 4 20
rm104 25 6 625.0 635.8 635.8 54 27.0 625.0 635.8 635.8 635.8 50 20
rm105 25 4 613.3 625.2 625.2 22 24.0 613.3 625.2 625.2 625.2 14 21
rm106 25 1 619.1 622.6 622.6 2 19.0 619.1 622.6 622.6 622.6 2 18
rm107 25 6 626.7 636.5 636.5 56 23.0 626.7 636.5 636.5 636.5 44 18
rm108 25 3 612.7 619.6 619.6 18 19.0 612.7 619.6 619.6 619.6 8 17
rcm101 25 1 548.2 548.2 548.2 0 9.0 548.2 548.2 548.2 548.2 0 7
rcm102 25 1 578.7 578.7 578.7 0 8.0 578.7 578.7 578.7 578.7 0 7
rcm103 25 0 557.1 557.1 557.1 0 8.0 557.1 557.1 557.1 557.1 0 7
rcm104 25 1 559.8 559.8 559.8 0 9.0 559.8 559.8 559.8 559.8 0 8
rcm105 25 1 561.1 561.1 561.1 0 6.0 561.1 561.1 561.1 561.1 0 6
rcm106 25 0 569.6 569.6 569.6 0 5.0 569.6 569.6 569.6 569.6 0 5
rcm107 25 0 574.7 574.7 574.7 0 5.0 574.7 574.7 574.7 574.7 0 4
rcm108 25 0 581.2 581.2 581.2 0 4.0 581.2 581.2 581.2 581.2 0 4
cm101 25 64 2497.6 2511.5 2511.5 146 76.0 2497.6 2511.5 2513.0 2511.5 138 15
cm102 25 95 2475.7 2490.7 2490.7 266 123.0 2475.7 2490.7 2502.8 2490.7 322 12
cm103 25 32 2492.5 2512.1 2512.1 130 49.0 2492.5 2512.1 2525.2 2512.1 170 11
cm104 25 51 2503.2 2522.3 2522.3 322 57.0 2503.2 2522.3 2522.3 2522.3 224 22
cm105 25 354 2462.5 2474.4 2474.4 584 383.0 2462.5 2474.4 2474.4 2474.4 622 11
cm106 25 6 2467.6 2467.9 2467.9 4 14.0 2467.6 2467.9 2467.9 2467.9 2 11
cm107 25 5 2480.2 2486.4 2486.4 12 12.0 2480.2 2486.4 2486.4 2486.4 8 9
cm108 25 1 2464.0 2464.0 2464.0 0 10.0 2464.0 2464.0 2464.0 2464 0 9

average 25 27.2 1224.1 1230.7 1230.7 73 40.3 1224.1 1230.7 1232.3 1230.7 72.1 12.6

Table C.2: Results of BP algorithm with and without an initial feasible solution with
10 and 25 customers.
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Vehicle routing with arrival time diversification

D.1 Proof of optimality and complexity for the Forward Algorithm

Herein, it will be first shown that every feasible service start time for customer i in

route σ = {0, 1, . . . ,m,m+ 1} lies in a forward start interval of customer i. Then, the

complexity of the Forward Algorithm will be examined.

Lemma D.1. For all customers of route σ = {0, . . . , i, . . . ,m + 1}, all feasible start

times at customer i ∈ σ′ are included in a forward start interval of i.

Proof. The proof is by induction. For the first customer i = 1 in a route, the forward

start intervals are equal to the time windows (after the preprocessing described in

Section 4.6), and thus by definition, the lemma holds for i = 1. Assuming that the

lemma holds for i ≤ j < m, it suffices to show that the lemma holds for i = j + 1.

We assume that ζj+1 is a feasible start time at customer j + 1. As ζj+1 is feasible, ζj+1

lies in one of the time windows of customer j + 1, i.e., there exists t ∈ Tj+1 such that

ζj+1 ∈ [etj+1, l
t
j+1]. Let ζj = ζj+1 − τj,j+1 − sj be the service start time for customer j.

By the induction hypothesis, ζj is feasible only if it lies in a forward start interval, i.e.,

there exists y ∈ Fj such that ζj ∈ [EF
j (y), LFj (y)]. This implies that (y, t) is a feasible

combination generating a new forward start interval at customer j + 1 that includes

ζj+1. Hence, the lemma is true for all customers in σ.

Lemma D.2. The computational complexity of the Forward Algorithm is

O(
∑m

i=1(1 +
∑i

j=1(|Tj| − 1))

Proof. We will first show that the maximum number of times that the FFC algorithm

is called to check a feasible combination between customers i and i + 1 is equal to

|Fi| + |Ti+1| − 1. We define a bipartite graph G = (Fi, Ti+1), where Fi is the index

set of the forward start intervals at customer i and Ti+1 is the index set of the time

windows of customer i + 1. There exists an edge between q ∈ Fi and t ∈ Ti+1 if the
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combination (q, t) is checked by the FCC algorithm. Therefore, the number of arcs

represents the maximum number of calls to the FCC algorithm and the maximum

number of forward start intervals of customer i + 1. By putting the index set of the

forward start intervals Fi and the time windows Ti+1 both in increasing order, the

bipartite graph G can be drawn without crossings following Proposition 4.1. As G is

a bipartite graph without crossings, it does not contain cycles. Hence, G consists of

a union of disjoint trees, which has at most |Fi| + |Ti+1| − 1 edges. As the maximum

number of forward start intervals of customer 1 is |F1| = |T1|, by induction we obtain

|Fi| ≤ 1 +
∑i

j=1(|Tj| − 1) for all i ∈ σ′. The worst-case complexity occurs when the

maximum number of forward start intervals is generated for customers 1, . . . ,m−1, but

no feasible combination exists between the forward start intervals of customer m − 1

and the time windows of customer m. Therefore, this worst-case complexity is equal

to
∑m

i=1(1 +
∑i

j=1(|Tj| − 1).

D.2 Breadth-first implementation

To calculate all forward start intervals of all customers {2, . . . ,m}. First all forward

start intervals of customer 2 are generated, then of customer 3 and so on.

Algorithm D.1 Forward Algorithm (FA)

Input: F1 = T1 and Fi = ∅ ∀i ∈ {2, . . . ,m}
1: for i ∈ {2, . . . ,m} do
2: θ = 1
3: for y ∈ Fi−1 do
4: for t ∈ {θ, . . . , |Ti|} do
5: if EF

i−1(y) + si−1 + τi−1,i ≤ lti then
6: if LFi−1(y) + si−1 + τi−1,i ≥ eti then . Create a new forward start

interval
7: z = |Fi|+ 1
8: EF

i (z) = max{EF
i−1(y) + si−1 + τi−1,i, e

t
i}

9: LFi (z) = min{LFi−1(y) + si−1 + τi−1,i, l
t
i}

10: end if
11: if LFi−1(y) + si−1 + τi−1,i ≤ lti then . Go to next forward start

interval
12: θ = t . Set the last visited time window
13: break
14: end if
15: end if
16: end for t
17: end for y
18: end for i
Output: Fi ∀i ∈ {1, . . . ,m}
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D.3 Solutions per instance

Per instance the new best solutions and average solutions over three runs are given in

Table D.1. First, the results reported by Michallet et al. [2014] are presented, with in

column “best”, “average”, and “time” the best distance, average distance and average

calculation time, respectively. The results of the proposed IGTS with the objective

function solely consisting of the distance (F = 0) and with the objective consisting of

distance and vehicle cost (F = 400) are reported. In column “nVeh” and “best” the

number of vehicles used and the total distance are presented for the best solutions over

three runs. The average objective value and average calculation time are represented in

columns “Obj av” and “time”. The last column represents the distance gap between

the best solution of Michallet et al. [2014] and the IGTS with objective minimizing

distance.
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Michallet et al. [2014] IGTS - distance IGTS - distance + vehicle cost

Inst best average time nVeh best Obj av time nVeh distance Obj av time gap

c101 3029.2 3038.2 401 31 2584.5 2584.5 63.1 31 2584.5 14984.5 62.8 -15%
c102 4862.2 4868.9 1247 31 2993.6 3565.8 51.3 30 3458.3 15752.3 51.0 -38%
c103 5485.1 5521.2 1559 30 2520.4 2681.1 42.3 30 2567.2 14614.1 45.4 -54%
c104 5191.8 5224.9 2996 30 2534.2 2543.0 55.4 30 2522.8 14538.0 54.5 -51%
c105 3157.1 3180.6 406 30 2528.2 2528.2 24.8 30 2528.2 14528.2 24.6 -20%
c106 3527.5 3544.7 533 31 2610.5 2610.5 67.7 31 2610.5 15010.5 67.6 -26%
c107 3833.6 3833.9 468 30 2528.2 2528.2 31.7 30 2528.2 14528.2 31.7 -34%
c108 3902.3 3977.6 765 31 2568.5 2573.7 50.6 30 2582.5 14840.4 52.7 -34%
c109 4682.3 4698.4 959 31 2651.1 2691.2 52.8 31 2692.8 15131.0 52.4 -43%
c201 1987.5 1987.5 1716 11 1807.4 1807.4 147.4 10 1856.7 5856.7 146.2 -9%
c202 3558.5 3563.6 1980 10 1807.1 1807.1 136.3 9 1810.3 5410.3 133.6 -49%
c203 5362.9 5395.1 3295 10 2002.0 2116.9 195.9 9 1989.0 5664.8 194.5 -63%
c204 3892.6 3907.3 4353 9 2105.8 2117.6 247.7 9 2105.8 5717.6 245.7 -46%
c205 3137.3 3139.8 1696 12 1958.4 2229.9 134.5 11 1996.0 6764.6 131.8 -38%
c206 2892.7 2894.5 2504 10 1861.7 1985.7 130.7 10 1861.7 5985.7 133.3 -36%
c207 2648.6 2662.6 3185 10 1831.2 1837.8 148.8 9 1839.4 5538.6 147.1 -31%
c208 3335.2 3378.0 1991 10 2022.2 2912.0 131.9 10 1974.8 6822.5 141.0 -39%
r101 8427.5 8430.8 531 68 7296.0 7409.9 102.1 68 7482.5 35010.0 100.7 -13%
r102 7695.0 7721.5 910 61 5852.9 5896.3 105.8 59 5830.0 29638.0 106.4 -24%
r103 6299.2 6319.7 1489 44 4386.4 4432.6 119.3 44 4337.8 21972.5 116.6 -30%
r104 4505.8 4564.1 1893 31 3257.5 3287.1 143.5 30 3298.2 15530.2 138.0 -28%
r105 6101.4 6119.2 763 48 4960.6 5094.6 109.1 48 5099.5 24655.7 106.9 -19%
r105 5597.3 5612.6 971 43 4276.0 4379.6 116.7 41 4382.1 21204.4 118.4 -24%
r107 5154.0 5180.2 1639 34 3745.1 3831.5 125.8 33 3794.3 17273.5 136.6 -27%
r108 4056.5 4060.5 1676 28 3183.5 3201.3 140.9 28 3189.0 14595.6 139.0 -22%
r109 5123.2 5132.9 1009 37 4112.5 4131.1 120.5 37 4035.5 18893.1 118.9 -20%
r110 4785.1 4804.5 1860 32 3584.1 3632.5 137.2 32 3546.0 16438.0 126.8 -25%
r111 4742.1 4758.1 1819 32 3490.8 3564.4 130.5 31 3637.3 16209.0 128.5 -26%
r112 4252.3 4261.7 1067 32 3306.8 3342.4 125.6 31 3423.9 15949.1 121.3 -22%
r201 6127.6 6134.4 3255 14 4837.0 4943.3 225.9 12 4888.8 9847.6 213.0 -21%
r202 5735.9 5760.7 5074 11 4130.9 4195.3 270.1 10 4196.0 8381.9 282.3 -28%
r203 4909.7 4943.0 6028 9 3379.9 3431.3 330.3 9 3368.1 6979.4 355.0 -31%
r204 3270.1 3302.3 6904 6 2677.2 2721.6 536.8 6 2677.2 5255.0 501.0 -18%
r205 5673.3 5694.8 3486 11 4311.5 4476.3 242.8 10 4432.5 8576.1 238.4 -24%
r206 4837.4 4846.3 4094 9 3760.0 3891.0 266.8 9 3898.7 7541.0 283.4 -22%
r207 4625.5 4644.1 5041 8 3166.5 3239.0 328.3 8 3131.5 6403.9 325.4 -32%
r208 3314.5 3325.3 7570 7 2595.4 2602.3 340.1 7 2595.4 5401.0 332.9 -22%
r209 4664.8 4668.5 5484 9 2997.0 3057.5 279.1 9 3049.5 6663.3 273.7 -36%
r210 5000.3 5015.6 4885 9 3289.5 3352.9 308.6 9 3397.7 7003.3 308.8 -34%
r211 3963.6 3977.2 6145 9 2746.8 2798.5 287.8 8 2805.8 6138.1 316.0 -31%
rc101 8427.5 8430.8 531 53 6353.1 6475.2 105.9 53 6423.8 27773.3 104.1 -25%
rc102 7695.0 7721.5 910 45 5391.7 5519.8 111.6 45 5372.1 23811.1 110.4 -30%
rc103 5943.3 5965.3 716 35 4325.4 4408.3 122.1 34 4556.0 18489.4 124.2 -27%
rc104 5062.0 5074.7 1500 30 3662.4 3685.0 138.3 31 3613.3 16075.2 141.1 -28%
rc105 7100.3 7121.3 862 40 5311.5 5412.9 109.1 40 5316.7 21502.7 108.9 -25%
rc106 6555.3 6589.3 696 41 4986.1 5070.4 114.7 41 4994.0 21650.4 114.1 -24%
rc107 5623.6 5638.5 1163 34 4194.4 4242.8 131.1 34 4137.9 17806.3 130.1 -25%
rc108 4488.2 4522.4 1469 32 3600.1 3686.3 138.3 31 3706.8 16130.2 135.4 -20%
rc201 8286.8 8314.4 1605 19 6725.6 6858.1 173.4 17 7210.7 14077.4 175.1 -19%
rc202 7380.4 7409.2 3058 12 5588.1 5735.6 210.2 12 5573.9 10529.1 213.8 -24%
rc203 6255.5 6269.3 4576 10 4505.4 4581.9 268.5 10 4245.0 8546.8 265.3 -28%
rc204 4483.7 4510.7 5257 9 3033.2 3102.3 298.1 9 3049.1 6694.1 325.5 -32%
rc205 7787.7 7812.8 2466 12 5282.8 5338.0 219.2 12 5463.3 10425.2 211.3 -32%
rc206 6678.2 6682.8 2401 11 4832.7 5193.1 219.0 10 4991.0 9383.1 198.7 -28%
rc207 5527.5 5542.7 5337 9 3745.9 3760.8 288.6 9 3680.7 7353.5 296.3 -32%
rc208 4671.4 4708.6 6619 9 3081.9 3123.1 279.0 9 3070.8 6725.7 290.8 -34%

Table D.1: New best-known solution per instance.
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The robust VRP with time window assignments

E.1 Properties of the time window violation index

The risk of violating the endogenous time window [τi, τi + εi] at node i is measured by

the time window violation index defined by

ρτi = inf{αi + ηi|Cαi(t̃i) ≤ τi + εi, Cηi(−t̃i) ≤ −τi}.

Let Cαi(t̃i) be the deterministic value representing the worst case certainty equivalent

of random arrival time t̃i at node i under risk tolerance parameter αi. Cαi(t̃i) is defined

as:

Cαi(t̃i) =

{
supP∈F αi lnEP

(
exp

(
t̃i
αi

))
if αi > 0

limβ↓0Cβ(t̃i) if αi = 0.

Jaillet et al. [2016] showed the time window violation index has the following useful

properties:

• The certainty equivalent Cαi(t̃i) decreases when the risk tolerance parameter αi
increases, i.e., Cαi(t̃i) is decreasing in αi and strictly decreasing when t̃i is not a

constant. Therefore, the time window violation index increases when the risk of

violating the time window increases.

• The time window violation index is zero only if the arrival time is guaranteed to

meet the time window, i.e., ρτi = 0 if and only if P(t̃i ∈ [τi, τi + εi] = 1) for all

P ∈ F.

• If the expected arrival time lies outside the assigned time window, then the

time window violation index is infinite, i.e., if supP∈F EP(t̃i) /∈ [τi, τi + εi] or
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infP∈F EP(t̃i) /∈ [τi, τi + εi] then ρτi = ∞. In this case, the assigned time window

is not feasible.

• The time window violation index specifies bounds on the probability of violations

for every magnitude of violation, i.e., if ρτi ≥ 0 then ∀P ∈ F and ∀θ > 0

max{P(t̃i < τi − θ),P(t̃i > τi + εi + θ)} ≤ exp(−θ/ρτi).

Because of this property both the probability and the magnitude of violations

are taken into account in the time window violation index.

• The certainty equivalent Cαi(t̃i) is additive for independent random variables,

i.e., if random variables t̃1 and t̃2 are independent of each other, then for any

αi ≥ 0, Cαi(t̃1 + t̃2) = Cαi(t̃1) + Cαi(t̃2) .

Because of this last additivity property, we have Cαi(c̃si) =
∑

a∈ACαi(c̃as
i
a). For the

distributions in which the mean, minimum, and maximum travel time are known the

equations of Cαi(c̃as
i
a) and Cηi(c̃as

i
a) are obtained in Jaillet et al. [2016] and Adulyasak

and Jaillet [2016]. These equations are given by

Cαi(c̃as
i
a) = sup

P∈F
αi lnEP

(
exp

(
c̃as

i
a

αi

))

=

αi ln
(

(ca−µa) exp(
cas

i
a

αi
)+(µa−ca) exp(

cas
i
a

αi
)

ca−ca

)
if αi > 0

ca if αi = 0

Cηi(−c̃asia) = sup
P∈F

ηi lnEP

(
exp

(
− c̃as

i
a

ηi

))

=

ηi ln
(

(ca−µa) exp(− cas
i
a

ηi
)+(µa−ca) exp(− cas

i
a

ηi
)

ca−ca

)
if ηi > 0

−ca if ηi = 0

Let dc1
sia

(α∗i , s
i) and dc1αi(α

∗
i , s

i) be the subgradients of Cαi(c̃si) with respect to sia and αi
at point (α∗i , s

i), respectively. For our setting these gradients can be computed by:

dc1
sia

(α∗i , s
i) =

ca(ca − µa) exp
(

(ca−ca)sia
αi

)
+ ca(µa − ca)

(ca − µa) exp
(

(ca−ca)sia
αi

)
+ µa − ca

dc1αi(α
∗
i , s

i) =
∑
a∈A

ln

(
(ca − µa) exp(

cas
i
a

αi
) + (µa − ca) exp( cas

i
a

αi
)

ca − ca

)
+

∑
a∈A

(
sia
αi

)(
ca(ca − µa) exp(

cas
i
a

αi
) + ca(µa − ca) exp( cas

i
a

αi
)

(ca − µa) exp(
cas

i
a

αi
) + (µa − ca) exp( cas

i
a

αi
)

)
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Similar the subgradients of function Cηi(−c̃si) can be computed by:

dc2
sia

(η∗i , s
i) =
−ca(ca − µa) exp

(
(ca−ca)sia

ηi

)
− ca(µa − ca)

(ca − µa) exp
(

(ca−ca)sia
ηi

)
+ µa − ca

dc2αi(η
∗
i , s

i) =
∑
a∈A

ln

(ca − µa) exp(− cas
i
a

ηi
) + (µa − ca) exp(− casia

ηi
)

ca − ca

+

∑
a∈A

(
sia
ηi

)−ca(ca − µa) exp(− cas
i
a

ηi
)− ca(µa − ca) exp(− casia

ηi
)

(ca − µa) exp(− cas
i
a

ηi
) + (µa − ca) exp(− casia

ηi
)


E.2 Proof convexity f(s)

Proposition 5.1 stating that f(s) is convex in s is proven in this appendix.

Proof. Let αs,ηs, τ s and αy,ηy, τ y be the optimal solutions of f(s) and f(y). Since

function Cαi(c̃si) is jointly convex in (αi, s
i), it implies that for any i ∈ NT and

0 ≤ β ≤ 1:

Cβαsi+(1−β)αyi
(c̃(βsi + (1− β)yi)) =Cβαsi+(1−β)αyi

(βc̃si + (1− β)c̃yi)

≤βCαsi (c̃si) + (1− β)Cαyi (c̃yi)

≤β(τ si + εi) + (1− β)(τ yi + εi)

=βτ si + (1− β)τ yi + εi.

Hence, there exists (α′,η′, τ ′), with α′ = βαs + (1− β)αy, η′ = βηs + (1− β)ηy and

τ ′ = βτ s + (1− β)τ y such that

Cα′i(c̃(βsi + (1− β)yi)) ≤ τ ′i + εi for ∀i ∈ NT
Cη′i(−c̃(βsi + (1− β)yi)) ≤ −τ ′i for ∀i ∈ NT .

Hence α′, η′ and τ ′ satisfy Constraints (5.22) and (5.23) and Constraints (5.24) and

(5.25) are trivially satisfied. Therefore,

f(βs + (1− β)y) ≤
∑
i∈NT

β(αsi + ηsi ) + (1− β)(αyi + ηyi ) = βf(s) + (1− β)f(y)

which indicates that f(s) is convex in s.

E.3 Characteristics of the instances

In Table E.1 the characteristics of the instances are presented. The first column reports

the number of customers in each instance. The average minimum, mean, and maximum
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values of the travel times of the arcs in the instances are presented in columns, “min”,

“µ”, and “max”, respectively. The average difference between the maximum and

minimum value is given in column “∆”. The standard deviation of the mean arc

length and the difference are presented in columns “sdµ” and “sd∆”, respectively.

T1 T2 T3

N min µ max ∆ sdµ sd∆ min µ max ∆ sdµ sd∆ min µ max ∆ sdµ sd∆

10 17.4 24.1 30.8 13.4 14.4 10.8 17.3 23.0 30.8 13.5 14.0 10.8 17.1 21.5 30.2 13.2 12.2 10.3
15 16.3 22.7 29.1 12.8 16.2 11.6 16.3 21.6 29.1 12.8 14.9 11.5 16.4 20.7 29.4 13.0 14.7 12.5
20 17.0 23.6 30.3 13.3 17.6 13.0 16.8 22.2 29.8 13.0 16.4 12.6 16.9 21.2 29.8 12.9 15.3 12.3
25 15.8 21.6 28.2 12.4 16.6 12.1 15.8 20.9 28.1 12.3 15.9 12.3 15.6 19.7 27.8 12.1 15.3 12.4
30 15.7 21.9 28.2 12.4 18.1 13.0 15.7 20.9 28.2 12.5 17.3 13.5 15.5 19.5 27.6 12.1 15.9 13.1
avg 16.5 22.8 29.3 12.8 16.6 12.1 16.4 21.7 29.2 12.8 15.7 12.1 16.3 20.5 29.0 12.7 14.7 12.1

G1 G2 G3

N min µ max ∆ sdµ sd∆ min µ max ∆ sdµ sd∆ min µ max ∆ sdµ sd∆

10 18.0 24.0 32.9 14.9 10.6 2.8 18.0 22.5 32.8 14.8 10.6 2.9 18.9 22.2 34.0 15.1 11.0 4.4
15 17.9 23.9 32.8 14.8 11.1 3.0 17.5 22.1 32.6 15.1 10.8 3.2 18.0 21.2 32.7 14.7 11.0 4.2
20 18.4 24.3 33.0 14.6 11.7 2.9 18.2 22.6 32.7 14.5 11.9 3.0 18.9 22.0 33.3 14.4 12.0 4.1
25 17.4 23.2 31.9 14.5 11.7 2.9 17.3 21.8 31.9 14.6 11.4 3.0 17.8 20.9 32.2 14.5 11.4 4.3
30 17.5 23.2 31.9 14.4 12.3 2.9 17.4 21.7 31.8 14.5 12.1 3.0 17.7 20.8 32.1 14.4 12.2 4.2
avg 17.9 23.7 32.5 14.6 11.5 2.9 17.7 22.1 32.4 14.7 11.4 3.0 18.2 21.4 32.9 14.6 11.5 4.3

Table E.1: Characteristics of the instances.

E.4 Fixed τ policy

In this appendix, we present the adjustment of the solution method when the value of

τi is not a decision variable but a fixed value equal to τi = csi − εi/2, τi = csi − εi or

τi = csi. We will show this adjustment for the first case in which the time windows

are symmetrically around the average arrival time. In this case, the minimum time

window violation index of routing solution s is given by

f(s) = inf
∑
i∈NT

αi + ηi

s.t. Cαi(c̃si) ≤ csi +
εi
2
, ∀i ∈ NT ,

Cηi(−c̃si) ≤ −csi +
εi
2
, ∀i ∈ NT ,

αi, ηi ≥ 0, ∀i ∈ NT .

The Lagrange function is equal to

L(s,α,η,λ) =
∑
i∈NT

αi +
∑
i∈NT

ηi +
∑
i∈NT

λ(Cαi(c̃si)− csi − εi
2

) +
∑
i∈NT

λ(Cηi(−c̃si) + csi +
εi
2

).
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With the same reasoning as in Section 5.4, the subgradient of f(s) is equal to the

derivative of the Lagrange function with respect to s. This is equal to

dLsia(s,α
∗, η∗,λ∗) = λ

∗
dc1
sia

(α∗i , s
i) + λ∗dc2

sia
(η∗i , s

i) + c̃a(λ
∗ − λ∗). (E.1)

With λ
∗

= −1
d
c1
αi

(α∗i ,s
i)

and λ∗ = −1
d
c2
ηi

(η∗i ,s
i)

. For both τi = csi−εi and τi = csi the derivative

of f(s) is also equal to equation (E.1).

E.5 Description of the MT distribution

In this appendix, alternative distributions are generated for the original triangular and

gamma instances described in Section 5.7.1. The original travel time distribution of arc

a is characterized by a minimum value ca, maximum value ca, and mean value ca. The

mode of the distributions is denoted by ma. The new generated alternative distribution

is a mixture of two triangular distributions which both have probability 1/2. This new

distribution will be denoted by MT and the two triangular distributions of which the

MT distribution exists are described as follows. The first triangular distribution has

minimum value ca, maximum value equal to m and mode equal to
ca+m

2
. Therefore,

the mean value of this distribution is equal to
ca+m

2
. Since the characteristics of the

MT distribution should be equal to the characteristics of the original distribution, the

mean value of the second distribution should be equal to 2ca − ca+m

2
. The maximum

value of the second distribution should be equal to ca and the minimum value of the

second distribution is chosen as high as possible. Two examples of the new distribution

of a triangular and gamma distribution are presented in Figure E.1.

Figure E.1: The original and new distribution of a triangular (left) and gamma
distribution (right).
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